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Abstract 

As established in a prior work of the author, the linear simplicity constraints used in the 
construction of the so-called 'new' spin-foam models mix three of the five sectors of Plebanski 
theory, only one of which is gravity in the usual sense, and this is the reason for certain 'unwanted' 
terms in the asymptotics of the EPRL vertex amplitude as calculated by Barrett et al. 

In the present paper, an explicit classical discrete condition is derived that isolates the desired 
gravitational sector, which we call (//4-) , following other authors. This condition is quantized and 
used to modify the vertex amplitude, yielding what we call the 'proper EPRL vertex amplitude.' 
This vertex still depends only on standard 5*17(2) spin-network data on the boundary, is SU{2) 
gauge-invariant, and is linear in the boundary state, as required. In addition, the asymptotics 
now consist in the single desired term of the form e''^'^°Ksc ^ and all degenerate configurations are 
exponentially suppressed. 

1 Introduction 

At the heart of the path integral formulation of quantum mechanics [Illl] is the prescription that 
the contribution to the transition amplitude by each classical trajectory should be the exponential 
of i times the classical action. The use of such an expression has roots tracing back to Paul Dirac's 
Principles of Quantum Mechanics ^ , and is central to the successful derivation of the classical limit 
of the path integral, using the fact that the classical equations of motion are the stationary points of 
the classical action. 

The modern spin-foam program [IHS] aims to provide a definition, via path integral, of the dynamics 
of loop quantum gravity (LQG) [HIBMI, a background independent canonical quantization of general 
relativity. The only spin-foam model to so far match the kinematics of loop quantum gravity and 
therefore achieve this goal is the so-called EPRL model [9l-fl2] , which, for Barbero-Immirzi parameter 
less than 1 is equal to the FK model [13] . 

In loop quantum gravity, geometric operators have discrete spectra. The basis of states diagonal- 
izing the area and other geometric operators are the spin-network states. The spin-foam path integral 
consists in a sum over amplitudes associated to histories of such states, called spin-foams. Each spin- 
foam in turn can be interpreted in terms of a Regge geometry on a simplicial lattice. The simplest 
amplitude provided by a spin-foam model is the so-called vertex amplitude which gives the probability 
amplitude for a set of quantum data on the boundary of single 4-simplex. 

The semiclassical limit 14 of the EPRL vertex amplitude, however, is not equal to the exponential 
of the Regge action as one would desire, but rather consists in a sum of terms, each of which is the 
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exponential of some actionj^ As pointed out in the recent work |16| . these terms correspond to three 
different sectors of Plebanski theory, only one of which — often called the (11+) sector — is the 
gravitational sector one wishes to include. Furthermore, the reason for the presence of these three 
sectors was seen to be that the so-called linear simplicity constraints — constraints which are also 
used in the Freidel-Krasnov model [13] — mix precisely these three sectors. 

In this paper, we propose a modification to the EPRL vertex amplitude which solves this problem. 
We begin by deriving, at the classical discrete level, a condition which isolates the (11+) sector. This 
condition is then appropriately quantized and inserted into the expression for the vertex, leading to a 
modification of the EPRL vertex amplitude. In this sense we, for the first time, propose a spin-foam 
vertex amplitude in which restriction to the single gravitational sector (11+) is completely imposed. 
The resulting vertex continues to be a function of a loop quantum gravity boundary state and hence 
may still be used to define dynamics for loop quantum gravity. It furthermore remains linear in the 
boundary state and fully SU (2) invariant — two conditions forming a stringent requirement restricting 
the possible expressions for the vertex. Lastly, as is shown in the final section of this paper, for a 
complete set of boundary states, the asymptotics of the vertex include only a single term, equal to 
the exponential of i times the Regge action. We call the resulting vertex amplitude the proper EPRL 
vertex amplitude. 

We begin the paper with a review of the classical discrete framework underlying the spin-foam 
model and derive the condition isolating the (11+) sector. Then, after briefly reviewing the existing 
EPRL vertex amplitude, the definition of the new proper vertex is introduced. The last half of the 
paper is then spent proving the properties summarized above. We then close with a discussion. 



2 Classical analysis 

2.1 Background 
2.1.1 Generalities 

We use the same definitions as in [TB]. Let r* := -j^cr' {i = 1, 2, 3), where tr' are the Pauli matrices. For 
each element A S su(2). A* G K'^ shall denote its components with respect to the basis r*. Let / denote 
the 2 X 2 identity matrix. We also freely use the isomorphism between so (4) andspin(4) :— su(2)©su(2), 
J^-^ O ( J+) = (J1t„ j;r,) (/, J = 0, 1, 2, 3), explicitly given by 

J± = l^'jkJ'" ± (2.1) 

with inverse 

= e'^ kiJl + J'l) 

J"' = j;-Ji. (2.2) 

Furthermore, we remind the reader |14) of the explicit expression for the action of a Spin(4) = 
SU{2) X SU(2) group elements on M". Yov each € R'' define 

C^{V):^V^I + ia,V\ (2.3) 



^Prom 1151 . this is true also for the Freidel-Krasnov model, as must be the case as it is equal to EPRL for 7 < 1. 
In 1151 . one finds two terms, not one, in the asymptotics. Furthermore, the presence of only two terms is likely due 
to their reformulating the model as a discrete first order path integral and then imposing non-degeneracy, a procedure 
whose equivalent in the spin-foam language, needed for contact with canonical states, is not known [l.SJ. 
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Then the action oi G = {X , X+) is given by 

aG-V)^X-aV){X+)-\ (2.4) 

2.1.2 Discrete classical framework 

Spin-foam models of quantum gravity are based on a formulation of gravity as a constrained BF theory, 
using the ideas of Plebanski [17]. In the continuum, the basic variables are an so (4) connection ujj/ 
and an so(4)-valued two-form i?^^, which we call the Plebanski two-form. The action is 

S=^ [iB + - ''B)ij A F'-'. (2.5) 

with F :— duj + uj /\ uj the curvature of w, n := SttG, and 7 £ M"*" the Barbero-Immirzi parameter. If 
Bj/^ satisfies what we call the Plebanski constraint [T8l[T9] , it must be one of the five forms 

(I±) S^"' = ±eJ A e'-' for some 

(II±) B'-' = ±\e"KLe^ A for some 

(deg) euKLifP^BliBfJ^ = (degenerate case) 

which we call Plebanski sectors, and refer to as (I±), (II±), and (deg). Here rj"^'*^ denotes the Levi- 
Civita tensor of density weight 1. Only Plebanski sector (II-I-) describes gravity in the usual sense, 
and in this sector the BF action reduces to the Hoist action for gravity |20j . 

SHoist = ^ / (^eijKLe'^ A + ^ej A ej^ A F" (2.6) 

the Legendrc transform of which forms the starting point for loop quantum gravity [7ll20j. 

In spin-foam quantization, one usually introduces a simplicial discretization of space-time. How- 
ever, in this paper we concern ourselves with the so-called 'vertex amplitude', which may be thought 
of as the transition amplitude for a single 4-simplex. For clarity, we thus focus on a single oriented 
4-simplex 5'. The EPRL model has also been generalized to general cell-complexes [12]; however be- 
cause we use the work [T3], and because we introduce formulae that, so far, apply only to 4-simplices, 
we restrict the discussion to the case of a 4-simplex. In S, number the tetrahedra a = 0, ... ,4, and 
label each triangle A^b by the pair {ab) of tetrahedra that contain it. One thinks of each tetrahe- 
dron, as well as the 4-simplex itself, as having its own 'frame' [TO]. One has a parallel transport 
map from each tetrahedron to the 4-simplex frame, yielding in our case 5 parallel transport maps 
Ga = {X~,X^) e Spin{4), a = 0,...,4. The continuum two-form B is then represented by the 
algebra elements Bab = ^B, where each element is treated as being 'in the frame at a.' For each 
ab, in terms of self-dual and anti-self-dual parts, these elements are related to the momenta conjugate 
to the parallel transports (see section 13.21) by [^ITO] 

(JaJ - (^) (BttY- (2-7) 



We call Bab and Jab the canonical bivectors due to their role in the canonical theory in section [ 

To reconstruct information about the 4-dimensional geometry of the simplex, one must parallel 
transport all of the bivectors B^j^ to a common frame, for which purpose we choose the 4-simplex 
frame, so that we have BabiS) := Ga > Bab, where !> here and throughout this paper denotes the 
adjoint action. 
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2.1.3 Linear simplicity 



The linear simplicity constraint requires that for each a, there exist N[ such that 

CL-=Naj{*Batf' ^0 Mb^a. (2.8) 

This is a condition on the bivectors in the J^-simplex frame. The canonical variables, by contrast, are 
defined in the tetrahedron frames. For each tetrahedron a, one imposes a gauge-fixed version of (|2.8p 
in which is fixed to be := (1, 0, 0, 0) [9 , reducing the constraint to 

Clb ■■= l^^jkBil « 0. (2.9) 

The set of canonical bivectors B^^ satisfying these constraints is parameterized by what we call the 
reduced boundary data — one unit 3-vector nj^j^ per ordered pair ab, and one area Aab per triangle 
(ab) — via 

Bab = -^Aab{-nab,nab)- (2-10) 

From (j2.7|) and (j2.10|) . the generators of internal spatial rotations in terms of the reduced boundary 
data are 

Lib = (J-Yab + iJ^Yab = -^^abnU- (2.11) 

The bivectors in the 4-simplex frame take the form 

BabiS)^Bl];^%Aab,nab,X^) := ^Aabi-X->nab,X+>nab). (2.12) 
We call (I2.12[) the 'physical' bivectors reconstructed from Aab,nab, . 



2.1.4 Reconstruction theorem 

Let M denote as an oriented manifold, equipped with the canonical R** metric. A geometrical 
simplex in M is the convex hull of 5 points, called vertices, in M , not all of which lie in the same 
3-plane. We define an ordered 4-simplex cr to be a geometrical simplex with vertices numbered 0, ... 4, 
such that the ordered set of vectors (01, 02, 03, 04) has positive orientation. Each tetrahedron is then 
labeled by the number of the one vertex it does not contain. Given an ordered 4-simplex in M, 

the associated geometrical bivectors (5^^°™)^"' are defined as (-8^™™)'^'^ ^i^ab) ^^^^^^^^ , where 

A{Aab) is the area of Aab, is the outward unit normal to tetrahedron a, (Na A Nb)^'^ := 2N^ 
and := \X"Xij. 

The following is a partial version of theorem 3 in [14], the same one appearing in [16]. A set of 
reduced boundary data {Aab, nab} (1-) is non-degenerate if, for each a, every set of three vectors Uab 
with 6 7^ a is hnearly independent, and (2.) satisfies closure if X^b^a ^ab^ab = 0. A set {X^} C SU (2) 
satisfies the orientation constraint if X^ > Uab — ^AT^ ^ ^ba- Lastly, we call two sets of SU{2) group 
elements {U}^}, {U^} equivalent, {U^} ^ {Uf^}, if e SU{2) and five signs ea such that 

U! = eaYUl (2.13) 

For the proof of the following, see [HIITB] . 

Theorem 1 (Partial version of the reconstruction theorem). Let a set of non-degenerate reduced 
boundary data {Aab, nab} satisfying closure be given, as well as a set {A±} C SU{2), a = 0,...,4, 
solving the orientation constraint, such that {X^} 9^ {A+}. Then there exists an ordered 4-simplex 
cr m R^, unique up to inversion and translation, such that 

Bl^^'^iAab, nab, A±) = MSfr (^) (2.14) 
for some fi = H, with fi independent of the ambiguity in a . 
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2.2 Explicit classical expression for the geometrical bivectors, and the re- 
striction to (11+) 

We now come to the new part of the classical analysis. 

Lemma 1. Let {Aab,nab, X^} be given satisfying the hypotheses of theorem[J\ and let a be the ordered 
4-simplex gauranteed to exist by this theorem. Let {-/V^} denote the outward pointing normals to the 
tetrahedra of a . Then 

Ni^aa{Ga-NY (2.15) 

for some set of signs aa- 
Proof. Wc first note that 

CX [Ga > {-nab-, nab)]^'' {G aU) J 

= [Ga)' K{Ga)\{~nab, Uabf [G a) I mM"' 

= {GaYd-nab, nab)''''MK = {GaYd-riab, na6)°^ = 

where (|2.14p was used in the first line, and (|2.2p was used in the last line. Since this holds for all 
6, it follows that GaM is proportional to Na] as both of these vectors are unit, the the coefficient of 
proportionality must be ±1 for each a. ■ 

For the following theorem and throughout the rest of the paper, let = denote equality modulo 
multiplication by a positive real number. 

Theorem 2. Let {Aab,riabT be given satisfying the hypotheses of theorem[J\ and let a be the 

ordered ^-simplex gauranteed to exist by this theorem. Then 

Bll°''^{a)^/3abi{Ga'b'})iGa-^) A (Gfc • A/-) (2.16) 

where 

l3ab{{Ga'b'}) -Sgn [e,jk{Gac ■ MfiGad ■ {Gae ■ Mfei,r,n{Gbc ■ N)\Gbd ■ MT[Gbe ■ NT] (2.17) 

with {c, d, e} — {0, . . . , 4} \ {a, 6} in any order, and sgn is defined to be zero when its argument is zero. 

Proof. Let {N^} be the outward pointing normals to the tetrahedra of a. Then they satisfy the 
four-dimensional closure relation (see appendix |X| 



Y^VaNi^Q (2.18) 



where Va > is the volume of the ath tetrahedron, implying 

N, 



i- ^ Va'Nl. (2.19) 

Thus 



< e(Na,N,,Nd,N,f ^-^e{Nb,N,,Nd,Ne)e{Na,N,,Nd,Ne) 

= -aaabeiGb • AA, • AA, Gd ■M,Ge- N)e{Ga ■M,Gc- N, Gd ■M,Ge- M) 

= -aaab€{M, Gbc ■ AA, Gbd ■ AA, Gbe ■ AA)e(AA, Gac ■ AA, Gad ■ AA, Gae ■ AA) 

= -aaabe^MGhc-J^riGbd-J^yiGbe-J^Yei^^iGac-J^YiGad-MY^iGae -MY 
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where {aa} are the signs in lemma [T] Therefore 

(3abi{Ga'b'}) = aaat (2.20) 
where l3ab{{Ga'b'}) is as in (|2.17l) . We thus have 

BTr\<^)=Na ANb^ aaatiGa ■ Af) A (G^ • Af) - Pab{{Ga'b'}){Ga ■ AT) A {Gb ■ AA). 

■ 

Throughout this paper, let l3ab{{Ga'b'}) be defined by (j2.f 7p . and for convenience we define 
BTb°"iGa') ■■= f3ab{{Ga'b'}KGa ■ AA) A (Gfe • AA) , the right hand side of ^M- 

Because the expression (G • A/")* used above will appear often, it is useful to stop for a moment to 
prove some facts about it. From (|2.3p and ()2.4p . 



{Gab^fl + i<J^{Gab ' AA)^ = ({Gab ' AA) = X;,X+, 

from which one obtains the alternate expression 

iGab-My^tT{T^X-,X+). (2.21) 

The meaning of this latter expression in turn is made clear in the following definition. 

Definition 1. Given g e SU{2) not equal to ±/, there exists a unique unit vector ri[gY £ M"^ and 
a[g] e (0, 27r) satisfying 

g = exp(a[g] • n[g] ■ r) = cos (^^^ + in[g] ■ a sin (^^^ . (2.22) 

We call n[gY the proper axis of g. 

In terms of the above definition, one has 



(Gab ■ NY = tr{nX-,X+J = sin (^^&^^ n[X-,X+J ■ 



(2.23) 



Lemma 2. Let {Aab,^ab,^^} be given satisfying the hypotheses of theorem[J\ and let a be the ordered 
4-siTnplex thereby gauranteed to exist. Then 

l^ = i?r"(a)/jS,t"^(A,,,n,,,G.)^^=/3.b({G.,b-})tr(r.X-,X+)Ll,. (2.24) 
Proof. Starting from (|2.14p and theorem [2l 

M = Bm<^)jjBl^y^iAab,nab,Ga)" 



= l3ab{{Ga'b'}) [{Ga ' AA) A (Gfc • AA)]^^ -Aab [Ga t> {-nab, riab)] 

= ^AablSabiiGa'b'}) [AA A {Gab ■ M)]jj [-Uab, Uab]" 

= AabPab{{Ga'b']) [AA A (Gab • AA)] [-Uab^nabf 

= 2AabPab{{Ga'b'}){Gab-M)^n}ab=M{Ga'b'}){Gab-MYVab 

= Pab{{Ga'b'})tr{nX-,X+^Wab- 



IJ 



We now come to the classical condition isolating the (11+) sector. 
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Theorem 3. Let a set of non- degenerate reduced boundary data {Aab,nab} satisfying closure be given, 
as well as a set {X^} C SU (2), a = 0, ... 4 solving the orientation constraint. Then B^^^^{Aab, nab, Ga) 
is in Plehanski sector (11+) in the sense of 116] iff 

fiab{{Ga-b'})tr{nX-,Xl)V,, > (2.25) 

for any one pair a, h. 
Proof. 

(^) Suppose B^^^A nabjGaY'^ is in Plebanski sector (11+) in the sense of [16]. Then by 
theorem 3 in [16], {^c^} 7^ {X^}, so that /i exists, and /i = 1. Lemma [2] then imphes (|2.25p . 

(<;=) Suppose (|2.25p holds. Suppose by way of contradiction {X^} ^ {X+}. Then tr(r*X^jX^) = 
contradicting (|2.25p . Therefore {-'^q'} 9^ {X^}. Lemma [2] together with (|2.25p then imphes /i = +1, 
so that theorem 3 in ^ imphes B'^^^^{Aab,nab,Ga)^'' is in Plebanski sector (II+). ■ 



3 Review of quantum framework and the EPRL vertex 

3.1 Notation for SU{2) and Spin{A) structures. 

Let Vj denote the carrying space for the spin j representation of SU{2), and pj{g), pj{x) the repre- 
sentation of g G SU{2) and x € su(2) thereon, with the j subscript dropped when it is clear from 
the context. Let := ip{T^) denote the generators in each of these representation according to the 
context. Let e : x — > C denote the skew-symmetric bilinear epsilon inner product, and (•, •) the 
hermitian inner product, on Vj [HIH]. These inner products determine an antilinear structure map 
J : Vj ^ Vj hy {tjj, (j)) = e{Jip, i')- J commutes with all group representation matrices, which implies 
that it anti-commutes with all generators. 

Let Vj-_j+ — Vj- (E)Vj+ denote the carrying space for the spin (j^ representation of Spin{4:) = 
SU{2) X SU{2), and pj- ^j+{X- , X+) := Pj-iX') ® Pj+{X+) the representation of {X-,X+) e 
<S'pm(4) thereon, again with the subscript dropped when it is clear from the context. J!_ := ip{T^)®Ij+ 
and J\_ := ilj- ® pij"^) are then the anti-self-dual and self-dual generators respectively, so that := 
JL + J\- are the generators of spatial rotations on Vj- j+ . Define the bilinear form e : Vj+ j- x Vj+ j- — >■ 
C by e{4!'^ (E) (j)') := e{ilj'^ ,(j)~^)e{ip~ and the antihnear map J : Vj-^j+ — !• Vj-^j+ by 

J : Tp+ igi ijj' ^ {Jip^) ® {Ji^~), so that 

(vl/,$) = e(jvl/,cl>). (3.1) 

As in the case of the SU(2) representations, all Spin{A) representation operators commute with J, 

and all generators anticommute with J. Lastly, let denote the intertwining map from Vk to 

Vj- (8) Vj+, scaled such that it is isometric in the Hilbert space inner products. 

3.2 Canonical phase space, kinematical quantization, and the EPRL vertex 

In the general boundary formulation of quantum mechanics [4,, one associates to the boundary of 
any 4-dimensional region a phase space, whose quantization yields the boundary Hilbert space of the 
theory for that region. In the present case, the region is the 4-simplex S. The boundary data 
consists in the algebra elements Bab and Jab in the frame of each tetrahedron a, and for each pair 
of tetrahedra a, b one has a parallel transport map Gab from b to a, related to the Ga introduced in 
section [2.1.21 by Gab ~ {Ga)^^Gb- These boundary data form a classical phase space isomorphic to 



7 



the cotangent bundle over any choice of five independent parahel transport maps Gab — i-^ab' -^abh 
r = T*{Spin{Af) = T*{{SU{2) x SU{2)f), which for simphcity we choose to be the ones with a < b. 
For a < b, Jab = {JabT-^ab) ^^"^ '^ba ~ i^ba^ '^ba) respectively generate right and left translations on 

Gab- 

The boundary Hilbert space of states Hq^^^^^^ is the space over the five Gab = i^ab'-^ab) ^ 
Spin{4:) with a < b. The momenta operators and J^^ then act by i times right and left invariant 
vector fields, respectively, on the elements X^, and, in terms of these, := (JabY + iJabY- '-^^ 
define an overcomplete basis of H^c™^'*'' , the projected spin-network states (see pTll22) ). each element 
of which is labeled by four spins j^^, kab, kba and two states tpab G Vk^f^jipba G Vk^^ per triangle: 

^{jt,,KM(^ab:Kb) n<4:r'"'^«^'^(^a"^'^i,)4:r'"'"^v^^'<^)- (3-2) 

a<b 

When acting on such a state, the operators L^^, Ll^ act specifically on the irreducible representation 
(irrep) vectors ilJab,ipba- 

L'ab^{jt,.k.M = <iCf'L^^ab,p{Gab)i'cf'i^ba) J] ^(4^ V'cd, p(G,,)4;f ^ V'<ic) , (3.3) 

c<d,(cd)iL(ab) 

^ba'^UfM..} = <&'^'i^ab,p{Gab)i'cf'L^i^ba) \{ 6(4^ '^^ ^-cd, p(G,rf)4;f ^ ^-dc) ■ (3.4) 

c<d,(cd)=/^(ab) 

In terms of the projected spin-network over-complete basis, the linear simplicity constraint, when 
quantized as in 0, is equivalent to 

- - ^■^'^^ - ^^""^ - ha (3.5) 



|l-7l |l + 7l 

for all a ^b. The projected spin networks satisfying linear simplicity are thus parameterized by one 
spin kab and two states ■0ab, "^ba S Vfe^^ per triangle (a6), the same parameters specifying a generalized 
SU (2) spin-network state of LQG: 

*{fc„.,V..}(^«b) - n P(^afc)^6a) e T^as = i'(5t/(2)i0). (3.6) 

a<fc 

Because = ^ll±7|fcaf, are always half- integers, one deduces that only certain values of the spins kab 
are allowed; let /C^ be this set of allowable values, and let T-Cqq be the span of the SU{2) spin-networks 
p.6p with {kab} C IC-y. One has an embedding 

, . -Ill , njSpin(i) 

■ "-as ^ "-95 

where here, and throughout the rest of the paper, we set 

s±:=i|l±7|fc. (3.8) 

Due to p.3p and p.4p (and because the SU{2) spin-networks satisfy a similar property), this em- 
bedding in fact intertwines the spatial rotation generators in the Spin{A) and SU{2) theories. 
Through the embedding l, the operators L^^^ in the SU (2) theory thus have the same physical meaning 
as the corresponding operators in the Spin{4) boundary theory. Side remark. One can now ask the 
question: Is this resulting physical meaning of L^^, in the SU (2) boundary theory the same as that 
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of the LQG flux operators E{/S.abY'^ The answer is: only if one is in Plebanski sector (11+). In the 
(11+) sector classically one has ^7^^^ 25°^ = ^ e^fee-' A =: £^(Aab)\ In the (II-) sector, this 
equation differs by a minus sign, and in the degenerate sector, and hence e* does not exist, so that 
i?(Aab)* doesn't even make sense. This provides yet another motivation to impose a restriction to 
(11+) : It is only then that one can unambiguously interpret the final SU{2) boundary operators as 
those of LQG. 

Having reviewed the above, the EPRL vertex for a given LQG boundary state ^"1^^^ S "Hg^ C 
Hg§^ is then 

Ayi{kab,i^ab}) ■■= ^i-(*{fc„..^„4) = / T[^Ga{L'^{k,^,,4,^,}){Gab) 

JSpin(4)S ^ 

= / U^Ga]Je{,i:^^f^^Pab,p{Gab)ii::'^'M- (3.9) 



4 Proposed proper EPRL vertex 
4.1 Definition 

Let us consider the structure of the original EPRL vertex amplitude p.9p : The integration over 
the group elements Ga can, in a precise sense, be interpreted as a "sum over histories" of parallel 
transports from the tetrahedra frames to the 4-simplex frames. This integration over the Gq's inside 
the vertex amplitude can be thought of as a remnant of the process of integrating out the discrete 
connection used to obtain the initial BF spin- foam model (see |23j). Furthermore, in the semiclassical 
analysis 14;, one sees that the Gq's over which one integrates in (|3.9p play precisely the role of such 
parallel transports. Given this interpretation of the Gq's, in order to impose the desired restriction 
to Plebanski sector (11+) , one must restrict the discrete history data Ga so that they satisfy the 
inequality ([2:25)) : 

M{Ga'b'}MnX;,x+)Ll, > 0. (4.1) 

Normally one would do this by inserting into the path integral 

e{l3ab{{Ga'b'}MnX;,X+)Ll,) (4.2) 

where Q is the Heaviside function, defined to be zero when its argument is zero. However, in the 
integral (j3.9p . it is not the classical quantity LJ^j, that appears, but rather states ipab in irreducible 
representations of the corresponding operators As noted in equations p.3p and p.4p . L^j, 

acts on ipab via the SU{2) generators L*. Therefore, we partially 'quantize' the expression ()4.2p by 
replacing L^^ with the generators , yielding the following Ga-dependent operator acting in the spin 
kab representation of SU{2): 

Pba{{Ga'b'}) P(0,oc) [f3ab{{Ga'b'}MnX^^X+)V) , (4.3) 



^If one uses coherent boundary data as will be done in the next section, then one does have a classical label L'^f^ 
present, but one would still not be able to simply insert the factor Ij4.2ll . as, due to the overcompleteness of the set of 
coherent states, this would lead to a vertex amplitude that is not linear in the boundary state, something necessary to 
ensure the final transition amplitude defined by the spin-foam sum is linear in the boundary state. 
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where Ps{0) denotes the spectral projector onto the portion 5 C M of the spectrum of the operator O. 
Inserting (|4.3p into the face factors of (|3.9p we obtain what we caU the proper EPRL vertex amplitude: 

4"+^({^a6>a6}) / \{dG aX{e{ii-'f' i^ab. p[G ab) ii^'f' P^iG a'^^^^ (4.4) 

Let us stop for a moment and remark on the properties of this vertex amphtude. First, as the EPRL 
vertex, it depends on an SU (2) boundary state and hence may be used to construct a spin-foam 
model for loop quantum gravity. It is linear in the SU(2) boundary state, as required for the final 
spin-foam amplitude to be linear in the boundary state, or equivalently, sesquilinear in the initial and 
final states. Furthermore, as we will show in the next subsection, it is invariant under SU(2) gauge 
transformations. Finally, and most importantly, as we will show in the next section, its asymptotics 
only include the single factor e*"^f^'=sEc ^ as desired. 

Throughout the rest of this paper, the notation Pba{{Ga'b'}) introduced in (14. 3p will also refer to 
the projector acting in the spin (s~{,,s^j) representation of Spin{A), defined by the same expression 
(|4.3[) . In each statement using the notation Pba{,{G a' b'}) , either the context will determine which 
projector is intended, or the statement will hold for both projectors. 

Finally, let us briefly note two ways to rewrite the proper vertex: (1.) It may at first appear 
arbitrary that the projector was inserted on the right side of each face factor in equation (|4.4I) . 
However, in fact, one can put the projector (appropriately transformed) anywhere in each face-factor, 
and the vertex amphtude doesn't change. See appendix [Q (2.) We note that, using equation p.ip . 
one has the following equivalent expression for the proper vertex: 

A^^+\{Kb.A.b}) ■■= I ndGan('^4"Y"V'a6,p(G,b)4»y-Pba({Ga'fc'})^^^ (4.5) 

JSpin(4)5 a a<b 

4.2 Proof of invariance under SU{2) gauge transformations 

Theorem 4. The proper EPRL vertex is invariant under arbitrary SU{2) gauge transformations at 
the tetrahedra. 

Proof. Let {kabjipab} be the data for a given spin network on the boundary, and let five SU{2) 
elements ha, one at each tetrahedron, be given. We wish to show 

First, define Gab := {ha, ha)^^ o Gab ° [hb, hb). Then 

{Gab = tT{T'X-,X+J = tlir^ha'X-,X+ha) 

= iv{{har^h-a')X-,Xl) - ha > tr(r^X-,X+ ) 

= ha>{Gab-^y- (4.6) 

From this and the 50(3) invariance of e^fc, it follows that 

(iab{{Ga'b'})^M{Ga'b'})- (4.7) 

We thus have 

p{hb)-'Pba{{Ga'b'})p{hb) = p{hb)-'PiO,oo) {l3ab{{Ga'b'}){Gba ■ p{hb) 

= PiO,oo) {l3ab{{Ga'b'})[{hb)-' > {Gba-m.W) 

= ^(0,00) [l3abi{Ga'b'}){Gba ■ J^hL') 

= PbaiiGa'b'}) (4.8) 
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where lemma [5] has been used in the second hne, and (|4.6p and (j4.7p have been used in the third. 
Using (|4.8p . we finahy have 

Ayi{kab, p{ha)^Pab}) / I I H (^if" V(/la) V'ab , ^(Gaft) tfelf °' ({Ga'fc' V-fta) 

n dGa6 J n " (4:r°V(/^a)V'a6, p(G„f,) 4";^'" V(/^b)na ({G^'b' })^, 

^.a<6 / a<b 

j ( n d^"" ) n ^ (4:r"'V'a6, ^(/la, har^p{Gab)p{hb, h^Vcf^' Pba{{Ga'b'})^^ 

\a<b ) a<b 

f [lldGab] nK4Cr"'^a6,p(Gab)4-'-Pba({Ga'6'})V^&a 

\a<b I a<b 

n dGafa J n ' {if'^ab,p{Gab)Lif'Pba{{Ga'b'})i'ba 



a<b / a<.b 

= Ay ({fcab, ilabY) 

where we have used in the third hne the intertwining property of '-2°^*°'' ^^'^ second to last line 

the right and left invariance of the Haar measure. ■ 



5 Asymptotics 

In the following we state and prove the asymptotics of the proper vertex, using key results from [14] . 
5.1 Statement of the formula 

It will be useful for later purposes to define the following before defining coherent states. 

Definition 2. Given any unit G M'^, let |n; fc, m) denote the eigenstate ofn-L in Vk with eigenvalue 
m, and \n;j~,j^,k,m) the eigenstate of and n ■ L in Vj- j+ with eigenvalues k{k + l) andm, with 
phase fixed arbitrarily for each set of labels. 

Definition 3. Given a unit 3-vector n, a spin j , and a phase 9, we define the corresponding coherent 
state as 

\n,e)j:=e''\n-3,j). (5.1) 

The argument represents a phase freedom, and will usually he suppressed. Additionally, when the 
spin is clear from the context, it will be omitted. 

We call an assignment of one spin kab G and two unit 3-vectors n]^^, to each triangle {ab) in 
S a set of quantum boundary data. Given such data, the corresponding boundary state in the SU{2) 
boundary Hilbert space of S is 

*{fcai,,nai,},e := *{fe„i,,^„t,} with li^ab) \nab,dab)K^ (5.2) 

where the 9ab are any phases summing to 9 modulo 2tt. The phase 9 will usually be suppressed. 
The state '^{kab.nab} defined is a coherent boundary state corresponding to the classical reduced 
boundary data Aab — A{kab) ■= Kjkab and Uab- 
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Suppose {A{kab), nab} is non-degenerate and satisfies closure. Then we likewise say that {fcab, nab} 
is non-degenerate and satisfies closure. In this case, for each tetrahedron a, there exists a geometrical 
tetrahedron in K^, unique up to translations, such that {A{kab)}b^a and {n^j,}b^a are the areas 
and outward unit normals, respectively, of the four triangular faces, which we denote by {A^^jfj^^^a. 
If these five geometrical tetrahedra can be glued together consistently to form a 4-simplex, we say 
that the boundary data {kab,nab} is Regge-like. For such data, there exists a set of SU(2) elements 
{gab = 9ba}j unique up to a Z2 lift ambiguity [14 , such that the adjoint action of each gab on maps 
(1.) into A^^, and (2.) riba into —iiab- These group elements can be used to completely remove 
the phase ambiguity in the boundary state (j5.2l) . by requiring the phase of the coherent states to be 
chosen such that gab\nba)kab — J\nab)kab, where J is as defined in section [3?T] The resulting boundary 



state '^{k^b,nab} is called the Regge state determined by {kab,nab}, and is denoted by ^'j'^^^^'^ ^y- 

The following theorem, as theorem 1 in [14], uses the fact that, because the boundary data 
{kab,nab} determine the geometry of all boundary tetrahedra, it also determines the geometry of the 
4-simplex itself il4[l24|. and hence, in particular, the dihedral angles Qab- More precisely Qab S [0,7r] 
is defined by the equation Na ■ Ni, — cos Qab where Na and Nj, are the outward pointing normals to 
the ath and 6th tetrahedra, respectively. 

Theorem 5 (Proper EPRL asymptotics). If {kab, nab} is boundary data representing a non-degenerate 
Regge geometry, then 

M^'iZlJ - {'^-yT ^l-^^^ (^Y.A{\kab)Qa^ (5.3) 



a<b 



where is the Hessian factor calculated in JT^. If {kab, nab} does not represent a non- degenerate 

Regge geometry, then Ay{'i! xk^^.n^b,s) decays exponentially with large A for any choice of phase 9. 

To prove this theorem, in manner similar to [14j , we cast the proper vertex in appropriate integral 
form Ay = J d/x(a;)e'^^<^'^^ and Ay = J d/i(x)e'^^>^^^\ separately for the cases 7 < 1 and 7 > 1, where 
<S'-y<i and S^yi are "actions". We then determine the critical points for each action. In proving this 
theorem, we are interested in critical points whose contributions are not exponentially suppressed. 
For this reason, we define the term "critical point" to mean points where the action is stationary and 
its real part is non-negative. If a point in the domain of integration is such that the real part is an 
absolute maximum and is non-negative, we shall say it is a maximal point. 

5.2 Integral expressions and critical points 

In the following, whenever we say the words "critical points" with no other qualification, we are 
referring to critical points of the proper EPRL vertex (|4.4I) . 

5.2.1 The case 7 < 1 

The relevant integral form of the proper vertex in this case is 

M'Sk^b,^.b,e) = / l[dX-dX+exp{S^^i) (5.4) 

a 

where 

exp(^^<i) = HiJiZf'nab, piX;,,X+)i.;;;;^^P,a{{Ga'b'})nba). (5.5) 

a<b 

The action S-y^i is, as in [14) . generally complex. The two conditions that determine critical points are 
maximality and stationarity. In both proving the equations for maximality and checking stationarity. 
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it will be simplest to reuse the results in [14 . This will highlight the simplicity of the additional steps 
in reasoning necessary for the present modification. Recall from [T3] that the action for 7 < 1 for the 
original EPRL model is 

exp(5™) = n(^4:r"''^afc, piX-,,X+)-\'C^^-^nta). (5.6) 

a<b 

For the purpose of the following lemmas and the rest of this section, a set of group elements to- 
gether with boundary data {X^,kab,nab} is said to satisfy proper orientation if, for all a ^ b, 
fiab{{Ga'b'})ty{nX-,Xl)n^^, > 0. 

Lemma 3. Given boundary data {kab,nab}, {X^} is a maximal point of S^^i iff orientation and 
proper orientation are satisfied. 

Proof. Because (|5.5p and (|5.6p only differ by insertion of the projectors Pba{{Ga'b'}), and recalling 
from [13] that | exp(S'^;^j^'^)| < 1, one immediately has 

exp(2Re5^<i) = | exp(^^<i)| < | exp(5^™L)| < ^ (5,7) 

From [13], the second < is an equality iff orientation is satisfied. The first < is an equality iff the 
inserted projectors act as unity, i.e., iff Pba{{Ga'b'})\nba) = \nba), which, if orientation holds, is equiv- 
alent to proper orientation, l3ab{{Ga'b'})tr{TiX^f^Xi^^)nl^ij > 0. Thus, {Ga'b'} is a maximal point, so 
that both inequalities arc saturated, iff orientation and proper orientation hold. ■ 



Lemma 4. Let boundary data {kab,nab} be given, and suppose {X^} is a maximal point o/S'^<i. 
Then it is also a stationary point of S-y<:i iff closure is additionally satisfied. 

Proof. If 5 is any variation of the group elements X^, from (|5.5p . (|5.6p and the fact that {X^} is 
maximal, one immediately has 

5eMSy<i) = 5exp(5^|^) ^ [](j4»f-na5, piX'^X+y^f^^ i6Pbai{Ga'b'}))nba). (5.8) 

a<b 

From lemma [7|c, 

PbailGa'b'}) O 4f - = 4f - O P,a{{Ga'b'}). (5.9) 

Taking the variation of both sides, and using the result with (|5.8p . we obtain 

SeMSy<i) = (5exp(5^™L) ^ [](j4»;;-n,,, p(X;„X+) iSPi,ai{Ga'b'})) ^f-^^ba). (5.10) 

a<b 

From the lemma [31 as {X^} is a maximal point, orientation is satisfied. Using this, 

PiXba'X+JjLll''J''''\nab) OC p{X^^, X+)J\nab; s'^, S+^, kab, kab) 

PiXba' ^fcL)l - '^afc; S^^, S+ , kab, kab) 
PiXba' ^fcL) [I - '^afc; «afc' ^ab) ® I " "^abl S+b' ^^b)] 

0^ I - X-^ > nab; s-^, s-^) ® I - X+ > nab; S+^, S+ ) 

OC \nba; S^f,> Sab) ® l^ba; 4b' 4b) « l^ba, S^b' ^6' ^^ab, kab) (5.11) 

Where lemma [7|b was used in line 1 and kab = Sof, + s^b' used in lines 3 and 5. 
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We next claim that \nba; s^^, 5+^, kab, kab) is an eigenstate of tT{nX^i^X+jL\ If X^^^X^^ = ±1, then 
tr(riX^X^) = and the claim is trivially true. If, on the other hand, X~^^X^^ ^ ±/, then from equa- 
tion (52) in [TT, X^f^X^^ = expiXabTiab ■ t) for some Xab, so that n^^ = ±n[X^^^X+J'=tr{TiX~^^X^J, 
and the claim follows from the definition of \nba', s^^, kab, kab)- In either case, the claim is proven. 

This, along with (I5.1ip . 4ir°''l"'i6) = l'^'"'' ^afe' ^ab, kab), Pba = P(o,oo)(;Safcn[Xj^X+] ■ L) and 
corollaryiniin appendix [Bl implies that the second term in (|5.10l) is zero. As proven in [T3], using that 
orientation is satisfied, the remaining term in (j5.10l) is zero iff closure is satisfied. ■ 



Theorem 6. Given boundary data {kab, nab} , {^^} ^■s « critical point o/S'^<i iff closure, orientation, 
and proper orientation are satisfied. 

Proof. 

(^) Suppose {Xa} is a critical point of S'-y<i. Then lemma [3] implies that orientation and proper 
orientation are satisfied, and lemma |4] implies that closure is satisfied. 

(<J=) Suppose closure, orientation, and proper orientation are satisfied. Then by lemma [31 {Xa} 
is a maximal point of S^^i, and by lemma|3]it is a stationary point of S-^^i. ■ 



5.2.2 The case 7 > 1 

For this case, we derive from scratch an expression for the proper vertex analogous to (18) and (19) 
in [14]. In doing this, we use the spinorial form of the irreps of SU{2). Let A^B^C, - ■ ■ = 0, 1 denote 
spinor indices. The carrying space Vj can then be realized as the space of symmetric spinors of rank 
2j (see, for example, [1]). Let denote the spinor corresponding to the coherent state \n) 1. As 
in [T3J[5S], the key property of coherent states we use is that, in their spinorial form, the higher spin 
coherent states are given by 

= n-^^ • • • n^^' . (5.12) 



From the relation (13.81) between k and s+ , s for a given triangle, one deduces for 7 > 1 that s+ = 
s~ + k. For this case, the explicit expression for in terms of symmetric spinors is given in 

equations (A. 12) and (A. 13) of 4jl. Let v^^'"^^>' S Vk be given. For 7 > 1, one has 

' {y)^^---^-2s+Bl---B^^- ^ ^(Al---A2fcgA2fc + l|Bl| . . .gA2^+)B2^_ (5.13) 



where the symmetrization is over the A indices only. In order to impose the symmetrization over the 
A indices, similar to [H], on the left of each * , acting in the self-dual part of the co-domain, we 
insert a resolution of the identity on Vs+ into coherent states: 



ds+ J dm|m)s+s+ (m| = /j+ (5.14) 

where dm is the measure on the metric 2-sphere normalized to unit area, and ds := 2s-|- 1. In spinorial 
notation 

ds+ I dm •• -771^2,+ TO^^ ...TO^^ ^ ^ ^^B^ ■ ■ ■ ^bI^X^ ■ (5-15) 



^In (A. 13) of 4 , symmetrization over the A group, B group, and C group of indices was forgotten but was clear 
from the context. 
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where m\ := (i(m|)A • Starting from equation (|4.4p with tj^ab — \nab)kab ~ "-jfb ' ' ' ^ab''"'' ^ writing 
out all spinor indices explicitly, we insert two resolutions of the identity (|5.15l) into each face factor 

in (|4.4p . one after each ^ . Denote the integration variables niab and mta respectively for the 
left and right insertions. Writing out the e-inner product in terms of alternating tensors £ab, using 
= e^B( Jm)^, simplifying, and then writing the final expression again in terms of hermitian inner 
products, one obtains 



where 



A^^ f lldX+dX- ( ndmabrf^J exp(5^>i) 

•'a \ab "/ 



exp(S'^>l) = A;„i,('^aft|'^a6)fc„6s+^('^™a6|p(^i,)|TO6a)5+ 



(5.16) 



a<b 



fc^j {mba\Pbai{Ga'b'})\nba)Kb {J mablpiX ^^)\mba) ^-^ ■ (5.17) 
Recall from [Tl] that the action for 7 > 1 for the original EPRL model itQ 

exp(S^™^) Y[k^t{mab\nab)k^bs+M^'^b\piX^h)\^ba)s+ 



a<b 



kat{mba\nba)k^bs-JJ^<^b\p{X^t,)\mba),-^. (5.18) 

Lemma 5. Given boundary data {kab,nab} , ,mab} is a maximal point 0/ 5-y>i iff orientation 
and proper orientation are satisfied and niab = nab for all a ^ b. 

Proof. Because (|5.17p and (|5.18p only differ by insertion of the projectors Pba, and recalling from [Tl] 
that I exp(S'^Pfi^)| < 1, one has 

exp(2ReS'^>i) = |exp(S'^>i)| < |exp(5^Pf^)| < 1. (5.19) 

From [14) . the second < is an equality iff orientation is satisfied and niab ~ ^ab for all a ^ b. As in 
the 7 < 1 case, the first < is an equality iff the inserted projectors act as unity, which, if orientation is 
satisfied, is equivalent to proper orientation. It follows that {Ga'w} is a maximal point, so that both in- 
equalities are saturated, iff orientation, proper orientation, and ruab = nab for all a ^b, are satisfied. ■ 

Lemma 6. Let boundary data {kab^nab} be given, and suppose {X'^ ^ruab} is a maximal point of 
S^yi. Then it is also a stationary point of S^yi iff closure is additionally satisfied. 

Proof. If 5 is any variation of X'^ and niab, from (I5.17|) and (|5.18p one has 

5exp(S'T,>i) = (5exp(S'^™'") + W_k^b{'^ab\nab)k^bs+^^^J^ab\p{X'^^)\mba) 

a<b 



k^A'^'ba\{SPbai{Ga'b'}))\nba)k^bs-^iJ'^"-b\p{X^^)\mba)^-^ (5.20) 

Because {X^ ,mab} is a maximal point, from lemma [5l orientation and proper orientation are sat- 
isfied, and niab — nab for all a ^ b. It follows that |rt6a)fc„b — \mba)kai, B^nd both are eigenstates of 



*The coherent state \mab) used here is related to the corresponding coherent state used in [14J by the action of J. 
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Pba{{Ga'b'}) with eigenvalue 1, so that by corohary IH] in appendix [Cl the second term above is zero. 
As proven in |14) . because orientation is satisfied and rriab — nab for ah a ^ b, it follows that the 
remaining term in (I5.20[) is zero iff closure is satisfied. I 

Theorem 7. Given boundary data {kab,nab}, {^^;™a6} *s a critical point of S^yi iff closure, ori- 
entation, and proper orientation are satisfied, and rUab — nab for all a ^ b. 

Proof. 

Suppose {X'^ ^ruab} is a critical point of S'^>i. Then lemma [5] implies that orientation and 
proper orientation are satisfied and niab ~ nab for all a ^ b, and lemma [5] implies that closure is 
satisfied. 

(-^) Suppose closure, orientation, and proper orientation are satisfied and niab = nab for all a ^ b. 
Then by lemmaO {X'^, niab} is a maximal point of >S'7>i, and by lemma[6]it is a stationary point of 
S^yi. ■ 

Thus, though, in the 7 > 1 case, one has an extra set of variables {mat,}, these are restricted to 
be equal to {nab} by the critical point equations, allowing one to treat the 7 < 1 and 7 > 1 cases 
in a unified way. The remaining critical point conditions on {X^^riab} (given in theorem [SJ have a 
symmetry: if {X'^} form a solution, then so does the set of group elements 

Xt = etY^Xt (5.21) 

for any (Y^ ^ ) e Spin{A) and any set of ten signs ■ This transformation is also a symmetry of the 
actions (|5.5|) and (|5.17p . If two solutions {X^}, {X'^} are related by such a symmetry transformation, 
we call them equivalent and write {X'^} ^ {X^}. 

5.3 Proof of the asymptotic formula 

Using the above results, we proceed to prove theorem [S] 

Before getting into the details of the proof, we summarize its general structure. As already men- 
tioned, the critical point equations for the proper vertex integrals (|5.4[) and (|5.16l) have a set of 
symmetries (|5.2ip . of which the global Spin{A) symmetry is the only continuous one. In order to 
apply the stationary phase method to calculate the asymptotics, the critical points must be isolated, 
and hence this continuous symmetry must be removed. As in |14j . we do this by performing the 
change of variables Ga '■— {Go)^^Ga for a = 1, ... 4. Then Go no longer appears in the integrand, so 
that the Gq integral drops out. Upon removing the tilde labels, the remaining integrand is the same as 
the original integrand except with Go replaced by the identity. It what follows Ga — {X~,X^) shall 
denote these "gauge-fixed" group elements, with Go = id, in terms of which the continuous symmetry 
has been removed. 

The proof then has two steps, the first of which has already been done in theorems [6] and [7] above: 
(1.) prove that the critical points of proper EPRL are precisely the subset of critical points of original 
EPRL at which proper orientation is satisfied. (2.) prove that, given a set of SU{2) boundary data 
{kab, nab}, the critical points of original EPRL at which proper orientation is satisfied are all equivalent 
and are precisely the critical points which give rise to the asymptotic term (I5.3|l in the original EPRL 
asymptotics [M]. Because proper orientation is satisfied, the value of the proper EPRL action at 
these critical points will be the same as the value of the original EPRL action at these points, yielding 
precisely the asymptotic behavior (|5.3p claimed. 

Let us begin by reviewing the results from theorems [6] and [T] The critical point equations for 7 < 1 
and 7 > 1 are equivalent: the only difference is that for 7 > 1 one integrates over extra variables, mat.. 
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which, however, come with the critical point equations mat — nab, ehminating them. This ahows us 
to effectively consider both the 7 < 1 case and 7 > 1 case simultaneously in the following. As given 
in theorems ini and [71 the remaining critical point equations are 

Xt > nab = -Xf t> Uba (5.22) 

and 

^abiAr^X-^X^a)^\^ > (5-23) 
for all a < b. The first of these, (|5.22p . is of the same form for both {^q*"} and {X'}- 

Ua>nab ^ -Ub>nba- (5-24) 

One therefore proceeds by finding the solutions {Ua} to (|5.24p for a given set of SU{2) boundary data 
{kab,nab}, and then from these one constructs the solutions {Xa} to (|5.22p . and then one checks 
which among these, if any, solves (|5.23p in order to determine the critical points of the vertex integral. 

The solutions to (|5.24|) have already been analyzed by 14i . To use the results of this analysis, one 
needs the notion of a vector geometry: A set of boundary data {kab, nab} is called a vector geometry if 
it satisfies closure and there exists {ha} C 5*0(3) such that {ha^nabf — —{hb^nbaf for aU a ^b. [M] 
then proceed by considering separately the three cases in which the boundary data (i.) does not define 
a vector geometry (ii.) defines a vector geometry which is, however, not a non-degenerate 4-simplex 
geometry, and (iii.) defines a non-degenerate 4-simplex geometry. We use this same division and 
consider each of these three cases in turn. 

Case (i.): Not a vector geometry. 

In this case, as proven in [M], there are no solutions to (|5.24p and hence no solutions to (|5.22p . 
and hence no critical points. The vertex integral therefore decays exponentially with A. 

Case (ii.): A vector geometry, but no non-degenerate ^-simplex geometry. 

In this case, as proven in [14], there is exactly one solution to (|5.24p . upto the equivalence (|2.13l) . 
The only solution to ([QS]) is therefore {Xa,X+) = {Ua,eaYUa). But then X~^X^^ = ±1, so that 
this solution fails to satisfy condition ()5.23p . so that there are no critical points. The vertex integral 
therefore decays exponentially with A. 
Case (Hi.): A non- degenerate 4-simplex geometry. 

In this case, as proven in ^4j, ()5.24p has two inequivalent solutions {Ua} and {Ua}, so that 
there are four inequivalent solutions to ^M- iXa,X+) = [U^U^), {UlU^), (U^U^), (U^U^). 
Neither {Ua,Ua) nor {Ua,Ua), nor any solution equivalent to these, satisfies (|5.23p . again because 
■^ba-^ab ^ ■ remains only to consider the solutions 

ix:,x+) - {ulu!) 

{X:,xt) = {U!,U^). (5.25) 
, the proper axes n[X^i^X^^Y, n[X^i^X^^Y defined in (j2.22p are equal 

tr(r,i::,i:+ ) - -tr(r,l:,l+ ). (5.26) 

M{Ga'b'}) = l3abi{Ga'b'}) (5.27) 
/3ab{{Ga'b'}MnX:,Xta)Lla = - f3ab{{Ga'b'}MnXabXta) Lla- (5.28) 



Becmse XabXi,a = ( ^ab^h, 
and opposite, so that 

From this one deduces 
which gives us 
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Because {U^J ^ {f/^}, we have {1+} 9^ {X, } and {!+} 7^ {1, }, so that both {X^} and {1^} 
satisfy the hypotheses of lemma [U implying that neither side of (|5.28p is zero. It follows that exactly 

one of l3ab{{Ga'b'})^^{TiX ^ijX ij^)Ll^, a — 1,2, is positive, so that exactly one of {X^ }, {X^ } satisfies 
proper orientation and so is a critical point. Furthermore, at this one critical point, fj, — 1, so that, 
because the value of the action (|5.5p (respectively (IS-ITI) ) for the proper vertex is equal to the value of 
the action (15.61) (respectivelv (I5.18p ) for the original vertex, from the analysis of [2], this one critical 
point gives rise to precisely the desired asymptotics stated in theorem [5] 

6 Conclusions 

The original EPRL model, as pointed out in [16], due to the fact that it is based on the linear simplicity 
constraints, necessarily mixes three of what we call Plebanski sectorf[f|, only one of which — what has 
been called the (11+) sector — yields gravity with the usual action. This mixing of Plebanski sectors 
was identified as the precise reason for the presence of undesired terms in the asymptotics of the EPRL 
vertex calculated in [Tl]. Furthermore, as noted in section this fact that Plebanski sectors are 
mixed impedes an unambiguous identification of the SU{2) boundary operators with those of LQG. 

In this paper, a solution to this problem is found. We began by deriving a classical discrete 
condition that isolates the one desired gravitational sector (11+) . By appropriately quantizing this 
condition and using it to modify the EPRL vertex amplitude, we have constructed what we call the 
proper EPRL vertex amplitude. This vertex amplitude continues to be a function of SU{2) spin- 
network data, so that it may continue to be used to define dynamics for LQG. We have shown that 
the proper vertex is SU(2) gauge invariant and is linear in the boundary state, as required to ensure 
that the final transition amplitude is linear in the initial state and antilinear in the final state. Finally, 
it has the correct asymptotics with the single required term consisting in the exponential of i times 
the Regge action. 

Two interesting extensions of this work would be (1.) to the Lorentzian signature and (2.) to 
an amplitude for an arbitrary 4-cell, which might be used in a spin-foam model involving arbitrary 
cell-complexes, similar to the generalization [12' of Kamihski, Kisielowski, and Lewandowski. The 
first of these extensions we expect to be straightforward. The second, however, seems to require a 
new way of thinking about the discrete constraint (|2.25p used to isolate the (11+) sector. For, the fiab 
sign factor involved in this condition uses in a central way the fact that there are 5 tetrahedra in each 
4-simplcx. 

In closing, let us remark on a more common viewpoint on the problem of the presence of extra 
terms in the asymptotics of EPRL and other spin-foam models: that they should be eliminated by 
choosing the boundary state to be appropriately peaked on both fluxes and connections [26H28j . for 
example by using holomorphic coherent states [26,29,30 . Although choosing such a boundary state 
does succeed in isolating a single term in the asymptotics for the case of a single 4-simplex, for 
more general triangulations it is not yet clear. Recent work [3TJ[32] has investigated the asymptotics 
of transition amplitudes for the EPRL model for general triangulations with boundary, but, thus 
far, only coherent states peaked on the fluxes alone have been used, so that, as expected, one still 
has contributions from different Plebanski sectors in the asymptotics. Whether or not the use of 
holomorphic coherent states on the boundary of general triangulations will be sufficient to isolate a 
single exponential term in the asymptotics of the transition amplitude thus remains to be seen. If 
the prescription does work, it would be very interesting to understand if and how it might be related 



At the level of discrete analogies, an awareness of this mixing of three sectors was manifest already as early as I15| . 
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to the proper vertex amplitude proposed here. If it does not work, then the proper vertex amphtude 
proposed here provides a valuable candidate for the vertex amplitude of quantum gravity with all of 
the strengths of the EPRL vertex mentioned above, but without the presence of extra sectors in the 
asymptotics. 
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A Closure relations 



The following property is mentioned, for example, in |151l33l[51] . 
Theorem 8. For any geometrical 4-simplex a in R^, 

^F,7V/ = (A.l) 
t 

•where the sum is over tetrahedra, and Vt and are the volume and outward normal to tetrahedron 
t. 

Proof. Define '^e^ to be the three-form on R"* with components {^e^)jKL — jkl- Then 

d^e^ = 0. 

Thus, 

= / d^e^ = E / (^-2) 

Jo- j Jf 

Let *e denote the volume form for t, so that for each t, 

eijKL = MNt)[iCe)jKL]- 
Pulling back JKL to tetrahedron t, it follows that 

which combined with lA.2l vields the result. ■ 



B Properties of embeddings and projectors 

Recall |n;fc,m) denotes the eigenstate of n • L in Vfe with eigenvalue m, and \n; , , k,m) the 
eigenstate of and n ■ L in Vj- j+ with eigenvalues k{k + 1) and m. 

Lemma 7. 



(a.) 



(B.l) 
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(b.) For each unit G M"^ and each k, m, there exists 9 G such that 

ii''^\n;k,m) = e'^\n-J- ,j+ ,k,m). (B.2) 



(c.) For any SCR, 

Proof. 

Proof of (a.): 
From the intertwining property of 4 



Ps{n ■ L) o il =il'' oPs{n-L). (B.3) 



+ 



p(e-\e-*)4 '^"=4"'^%(e*-'). (B.4) 



Taking i^ oi both sides and setting t = yields the result. 

Proof of (h.): 
Using part (a.), 



• 4 \n;k,m) = ij. (n ■ \n;k,m) = nul. \n;k,m), and 
L'^i'i '^^ \n;k,m) = tl L'^\n;k,m) = k{k + \n;k,m). 



The result follows. 

Proof of (c): 

We have for each m, 



P5(n-L)4 = e''^ Ps{n ■ L)\n\j ,j+,k,m) = e'^xs{m)\n;j ,j+,k,m) 

where X5(to) denotes the characteristic function for S. ■ 

Lemma 8. In any irreducible representation (irrep) of Spin{A), for any two {v-Y, {v+Y G 

p{X-, X+) o Ps{v- ■J-+v+-J+)=Ps ((X- > V-) ■ J- + {X+ > v+) ■ J+) p{X-, X+) (B.5) 

Proof. Let j^,m^ be given. Write Vj. = A±n!|_ with A± > and rij. unit. Using that 
p{X^)\n±;j^,m^) = e'^ \X^ > n±; ,m^) for some we have 

p{X-,X+)Ps{v- ■J-+V+- J+)\n-;j-,m-) O \n+;j+,m+) 
= X5(A-m" + A+m+)p(X",X+)|n_;j",m") |n+;j+,m+) 
= e'(^~+^"^)x5(A_TO" + A+m+)|X- t> n_;j~,m~) (g) |X+ i> n+; j+, m+) 
= e'^^'+^'^^Ps ((^" >v_)-J- + {X+> v+) ■ J+) |X- o n_; i", m") (g) |X+ > n+; i+, m+) 

= Ps {{X->V-) ■ J- + {X+>v+) ■ J+) p{X-,X+)\n-;j-,m-) ® \n+;j+,m+) 
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{^t\(iot]\i^t) = 



Lemma 9. Let Ot be any one-parameter family of self- adjoint operators on a Hilbert space H. For 
each t, let tpt be a normalized eigenstate of Ot such that all tpt have the same eigenvalue A € K. Then 

(V't|(^Ot)|V't)=0. (B.6) 

Proof. 

(V'tlOtlV't) = A (B.7) 

for all t. Taking ^ of both sides, 

A^((V't,V't» + (V't|(^4)|V*> = 
^dt 

Applying this to the family of operators Oi = ut ■ L on Vj-j+ and the states \nt; j~ , , k,m), and to 
the family of operators Ot = ni ■ L on Vk and the states \nt;k,m), yields the following. 

Corollary 9. For any variation 5 of n, any j~ , k, any m € {—k, —k-\-l,..., k}, and any set 
S cM., one has 

{n;j~,j~^,k,m\SPs{n- L)\n;j~,j+,k,m) =0. (B.8) 

and 

{n;k,m\SPs{n- L)\n;k,m) =0. (B.9) 

C Expression for vertex with projectors on the left 

Lemma 10. For each unit n' e M^, g e SU{2), k, and m, there exists 9 G such that 

p{h)\n;k,m) = e^^\h>n;k,m) (CI) 

Proof. 

^(/i >n) ■ p(h)\n; k, m) = p{h){n ■ L)\n; k,m) = mp{h)\n; k, m). 



Lemma 11. For any <S C M, and in any irrep of 5pm (4), and any G M^, 

Ps{v ■ L) o J = J o Ps{-v L) (C.2) 

Proof. Let =: An* with A > and n' unit. Using that J anti-commutes with L', for any n and fc, 

{n-L^ J\n;j~,j+,k,m) = -J (n-L^ \n]j~,j+,k,m) = -mJ\n]j~,j+,k,m) (C.3) 

whence 

J\n;j-,j+,k,m) =e'^'^\n;j-,j+,k,-m) (C.4) 
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for some {9m} C -^^^ so that, for all m, 

Ps{v ■ L)J\n;j~,j'^,k,m) = e''^"' Ps{v ■ L)\n; , j+ , k, -m) 

= Xs{->^m)J\n;j^,j+,k,m) = JPs{-v ■ L)\n;j^,j+,k,m,). 



Theorem 10. The vertex amplitude ^4-4^ can also be written with a projector on the left instead of 
on the right: 

A^J^+\{kab,M) ■■= f n'^^-n^(^r"''^ab({Ga'fc'})^afc,p(G„fc)4-/-V'6a). (C.5) 

iSpin(4)^ a a<b 

Proof. Starting from (j4.5p . and using lemma [Tjc, lemma |51 the hermicity of orthogonal projectors, 
and lemma [TT] in succession, 

•^Spm(4)J. a a<fc ° 

HdGa ]l{JilY-'PM{{Ga'b'})i'ab,p{Gabyl^l''^'i^ba) (C.6) 
Spin(4)^ a a<fc " 
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